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Abstract 

In this paper, for a Jacobi algebroid (A,p), by introducing the notion of Jacobi quasi-Nijenhuis 
algebroids, which is a generalization of Poisson quasi-Nijenhuis manifolds introduced in [31] by Stiénon 
and Xu, we study generalized complex structures on the Courant- Jacobi algebroid A (B A* , which 
unify generalized complex (contact) structures on an even(odd)-dimensional manifold. 

1 Introduction 

The notion of Poisson quasi-Nijenhuis manifolds was introduced in [21] by Stiénon and Xu. In [T], the 
author studied Poisson quasi-Nijenhuis structures with background. One can study generalized complex 
structures in term of Poisson quasi-Nijenhuis structures. Generalized complex structures were introduced 
by Hitchin [T5] and further studied by Gualtieri [T3] as a bridge of symplectic and complex structures. 
Note that only on even-dimensional manifolds, there are generalized complex structures. In [19] , Iglesias- 
Ponte and Wade gave the odd-dimcnsional analogue of the concept of generalized complex structures 
under the name of generalized contact structures. 

Jacobi structures on a manifold M are local Lie algebra structures [2Ö] on C°°(M). It contains a bi- 
vector field A and a vector field X such that [A, A] = 2X AA and [X, A] = 0. In [T8], Iglesias and Marrero 
introduced the notion of generalized Lie bialgebroids in such a way that the base manifold is a Jacobi 
manifold. The same object was introduced in \12\ by Grabowski and Marmo under the name of Jacobi 
bialgebroids. Similar as the fact that the doublé of a Lie bialgebroid is a Courant algebroid, the doublé 
of a generalized Lie bialgebroid (Jacobi bialgebroid) is a generalized Courant algebroid (Courant- Jacobi 
algebroid). These topics are widely studied [l],[3],Il],[n],[Il],[I3],[IH],IlS],I2I],IlH]- 

In this paper, for a Jacobi algebroid (A, p), we study Jacobi quasi-Nijenhuis structures. As an applica- 
tion, we study generalized complex structures on the Courant- Jacobi algebroid A(BA*, which unify gener- 
alized complex structures on an even-dimensional manifold and generalized contact structures on an odd- 
dimensional manifold. By definition, a Jacobi quasi-Nijenhuis algebroid is a quadruple {{A,p),TT,N,(j)), 
where {A, p) is a Jacobi algebroid, tt G T{A^A) is a Jacobi bi-vector field, N € T{A* (g) A) is compatible 
with TT, and (jj € r(A'^^*) satisfying dcj) = O and d(iAr0) = O, such that the Nijenhuis torsion T{N) of N 
can be expressed as 

TiN)iX,Y) = 7ri{txAY^), VX,YeTiA). 

We generalize some well known results and formulas which hold in the case of Poisson quasi-Nijenhuis 
manifolds. The biggest obstruction is that in the frame work of "Jacobi" world, the differential and the 
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Lie derivative are no longer derivations with respect to the wedge product, A. A Generalized complex 
structure is defined in the usual way, it is a bundie map J : A(B A* — > A® A* preserving the canonical 
pairing and satisfying — —ld as well as the integrability condition, which is expressed in term of 
the Courant- Jacobi bracket. Since the usual Courant algebroid and £^{M) are special Courant- Jacobi 
algebroids, thus it unifies generalized complex structures on an even-dimensional manifold and generalized 
contact structures on an odd-dimensional manifold. 

The paper is organized as follows. In Section 2 we proved that there is a one-to-one correspondence 
between quasi- Jacobi bialgebroids and quasi-Manin triples. In Section 3 we introducé the notion of 
Jacobi quasi-Nijenhuis algebroids and give the relation with quasi-Jacobi bialgebroids. In Section 4 we 
study generalized complex structures on the Courant- Jacobi algebroid A (B A* . We prove that there 
is also a one-to-one correspondence between generalized complex structures and Jacobi quasi-Nijenhuis 
algebroids satisfying a homomorphism condition. In Section 5 we study generalized complex structures on 
TM®T*M for an even-dimensional manifold M and we will see that how a conformal symplectic structure 
is involved in a generalized complex structure. In Section 6 we study generalized complex structures on 
£^(M) for an odd-dimensional manifold M. Since (TM ©M, ld) is a natural Jacobi algebroid, we recover 
the notion of generalized contact structures introduced in |19| . Some examples are also discussed. 

Notations: We denote the usual Lie bracket of vector fields or the Lie bracket on a Lie algebroid by 
[•,•], the bracket of the Schouten- Jacobi algebra decided by a Jacobi algebroid by |-, •], the bracket on a 
Courant- Jacobi algebroid by d is the usual deRham differential or the differential associated with 

a Lie algebroid. d is the differential associated with a Jacobi algebroid. For any X e r(j4), where {A, p) 
is a Jacobi algebroid. Lx is the usual Lie derivative decided by the Lie algebroid structure and Zx is the 
Lie derivative decided by the Jacobi algebroid structure. 1 is the constant function with the value 1. ld 
is the idcntity map if there is no special explanation. 

Acknowledgements: Wc would like to give our special thanks to Zhangju Liu for very helpful 
comments and also give our warmest thanks to Chenchang Zhu for the help during we stayed in Courant 
Research Center, Göttingen, where a part of work was done. We also give our warmest thanks to the 
referees for many helpful suggestions and pointing out typos and erroneous statements. 



2 Quasi-Manin triples 

A Lie algebroid over a manifold M is a vector bundlc A — > M together with a Lie bracket [•,•] on 
the section space r(^) and a bundie map a : A — > TM, called the anchor, satisfying the compatible 
condition: 

[XJY] = f[X,Y]+aiX){f)Y, y X, Y € T{A), ƒ G C^{M). 

We usually denote a Lie algebroid by (A, [•,•], a), or A if there is no confusion. For a (1, l)-tensor 
N e T{A* A), the Nijenhuis torsion r(A^) : A^A — > A is defined by 

T{N){X,Y) = [NX,NY]- N{[NX,Y] + [X,NY]- N[X,Y]), W X,Y &T{A). (1) 

If T{N) = O, is called a Nijenhuis operator on the Lie algebroid A. Wc can also introducé a new 
bracket [•, ■]n on T{A) which is defined as follows: 

[x,y]n^[nx,y] + [x,ny]-n[x,y], VA,rer(A). (2) 

If A^ is a Nijenhuis operator, [-j-Jat is also a Lie bracket and A^ is a Lie algebroid morphism from Lie 
algebroid {A, [■,-]N,ao N) to Lie algebroid {A, [■,■],&). 

For any tt e T{a'^A) and cr G r(A^^*), tt" : A* — y A and cti, : A — > A* are given by 

^HOiv)^^iLv), a,{X){Y)=a{X,Y), V ^ e r(A*), V A, F e r(A). 

For any N G r{A* <g) A) and tt G TiA^A), tïn G T{h^A) is defined by 
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A Jacobi algebroid is a Lie algebroid {A, [■, ■],a) together with a 1-cocycle 0o G T{A*) and we denote 
it by {A, (j)o). There is a 0o-bracket [•, on r{A*A), which is given by 

[P,QU„ - [P,Q] + (-ir+i(p-l)PAï^„g-(g-l)v„PAQ, (3) 

for any P e r{APA) and Q e r(A«A). The (/>o-differential d"^" and the (f>o-Ue derivative \ÏE, are 
defined by 

d-^V = dc + (/>o A c, = ixd"^" +d'^°ix. 

In fact, a Jacobi algebroid {A, (f)Q) is equivalent to the Lie algebroid {A, [■, •], a) together with a represen- 
tation p : A — > 2) (Af x M) on the trivial line bundie M x M, where D{M x R) is the gauge Lie algebroid 
of M X M. The representation is given by 

p{u){f) = a{u)f + (/.o(w)/, V u e T{A), ƒ G C°°(M) - V{M x M). (4) 

One can easily prove that p is a representation if and only if (j)^ is a 1-cocycle. More generally we have 

Lemma 2.1. For any 6 G r(^*®(Af xgl(n))), i.e. g\{n)-valued 1-form on A, p — a+0 is a representation 
on M X M" if and only if 9 satisfies the Maurer-Cartan equation, more precisely, 

dÖ+i[6iAÖ] =0. 

Proof. By straightforward computations, we have 

[p{X),p{Y)] = [a{X) + e{X),a{Y) + e{Y)] 

= [a{X), a{Y)] + [e{X),e{Y)] + a{X)e{Y) - a{Y)e{X) 

On the other hand, p{\X,Y]) = a{[X,Y]) + 9{[X,Y]), therefore, after comparing the values in TM and 
M X gl(n), we obtain the required result. ■ 

Conversely, for the Lie algebroid (A, [•, ■],a) and a representation p : A — > 'D{M x R), denote by 
d : r(A'yl*) — > r(A'+^A*) the associated difFerential operator, i.e. 

fc 

dc(Xo,--- = ^(-l)V(X,)c(Xo,--- ,X;,... 

i=0 

+ J2(-iy+ici[X,,X,lXor-- Xr-- ,Xj,--- ,Xk). (5) 

Then we can obtain a 1-cocycle dl G T{A*). Obviously, if the representation p is given by then 

(/io = dl, dw = dw + 00 A w, V a; G r(A''v4*). 

Therefore, we have d = d"^", the (/)o-differential. Consequently for any X G T{A), we can define the Lie 
derivative £x : T{a''A*) — y T{a''A*) by Cantan formula: 

= ïx ° d + d O ix- 

Obviously, we have £,x^ = Lxoj + cj)Q{X)u!, which implies £,x = ' (j)o-ljie derivative. 

Remark 2.2. We should be very careful that since d is no longer a derivation, £,x is not a derivation. 
Therefore, the induced Lie derivative 2,x '■ T{a''A) — > r{A^A) is also not a derivation. This Lie 
derivative is exactly the foundation of the (jjQ-bracket introduced in fl8f . Certainly, by this Lie derivative 
we can only define the (pQ-bracket of a 1-vector field and a k- vector field, and then by some rules one can 
obtain the bracket of any l-vector field and any k-vector field, see also fl2^ and I13j for more details. 
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Convention: Wc dcnote a Jacobi algebroid by {A, p) and the associatcd Schouten- Jacobi algebra by 

(r(AM), [•,.]). 

The notion of Courant- Jacobi algebroids was introduced in [T3]. In [TB], the authors proved that 
they are the same as generahzed Courant algebroids. They are generalizations of Courant algebroids 
introduced in [33], see also [1^. In fact. Courant algebroids and Courant- Jacobi algebroids are all special 
cases of iï-Courant algebroids introduced in [S], where E is a vector bundie. 

Definition 2.3. A Courant- Jacobi algebroid is a vector bundie JC over AI together with 

(1) a nondegenerate symmetrie bilinear form (•,•) on the bundie; 

(2) a bilinear operator o on r(/C) such that (r(/C),o) is a Leibniz algebra; 

(3) a bundie map k : !C ^ TM x M which is a homomorphism into the Lie algebroid of first order 
differential operators satisfying the following properties, 

(a). (YoX,X) = (Y,XoX}, (b). Aï(X)(Y,Y) =2(XoY,Y}. 

Definition 2.4. A quasi-Jacobi bialgebroid is a triple {{A, p),S,4>) consisting of a Jacobi algebroid {A,p), 
a degree 1 derivation S of the Schouten- Jacobi algebra (r(A*A), [•, •]) and an element 4> G T{A^A) such 
that (5^ = 10, ■] and 5cj) = 0. 

Definition 2.5. A quasi-Manin triple is a triple {JC, A, B), where IC is a Courant- Jacobi algebroid, A C JC 
is a Dirac structure and B is its transversal isotropic complement. 

Remark 2.6. In \27l , the notion of quasi-Jacobi bialgebroids has already been introduced, which is mo- 
tivated by iSÜf . Our definition is motivated by U6^ . One can easily recover the six conditions in their 
definition and some of the constructions are given in the proof of the next theorem. 

Theorem 2.7. There is a one-to-one correspondence between quasi-Jacobi bialgebroids and quasi-Manin 
triples. 

Proof. Let {{A, p), S, (f) be a quasi-Jacobi bialgebroid. Define the bundie map : A* — > TM © M by 

P*mf) = mi)). ve6r(^*),/ eC-(Af). (6) 

Introducé a bracket [•, •]* on T{A*) by 
is not a homomorphism but we have 

p*[^,v]* = [p*{0,p*{v)] - p{H£.,v))- 

Therefore, in general, {A* , [•, -J,,/??*) is not a Jacobi algebroid. Let k : A(BA* — > TM 0R be the bundie 
map given by 

K{x + o = p{x) + p.iO- 

Define a bracket [•, •] on T{A®A*) by 

\X,Y] = [X,Yl yX,YeTiA), 

\X,^^ = ix<d^^i^SiX) + <d{aX)), 

rc^i - -ix<d^ + iiS{x) + s{ax)). 

Then {A(BA*, (•, •) , •] , k) is a Courant- Jacobi algebroid such that A is a Dirac structure and A* is its 
transversal isotropic complement. 
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Conversely, assume that (/C, (•,•),[•,•], k) is a Courant- Jacobi algebroid and ^ is a Dirac structure 
with a transversal isotropic complement B, by using the pairing, we can identify B with A* . Let p = k\a 
be the restriction of k on A, then {A,p) is a Jacobi algebroid. (f> G T{A^A) is defined by 

0(e,r,,7) = 2([e,r/],7), V r/, 7 e r(ö). (7) 
Let Pb = k\b be the restriction oi k to B and [■,-]b be the bracket on T{B) such that 

R,»?! er(A). (8) 

Define 6 : r(A*j4) — > r(A'+^yl) by and the bracket [■,-]b as ([S]), then {{A, p),S,(j)) is a quasi- Jacobi 
bialgebroid. ■ 

3 Jacobi quasi-Nijenhuis algebroids 

A Jacobi bi-vector field on a Jacobi algebroid {A, p) is a bi-vector field n G r(A^yl) satisfying 

K^l -0. 

Remark 3.1. It is called a Jacobi bi-vector field because in the case that A = TM x R and the Lie 
algebroid structure on TM x R is given by 

[X + f,Y + g] = [X,Y]+Xg-Yf, V X + ƒ, F + g e X(M) © C°°(M), (9) 

a bi-vector field is a pair {A,X), where A G X^(M) and X G X{M), and (A, A) is a Jacobi bi-vector field 
if and only if it is a Jacobi structure on M. Sec 117] and 14-^ for more details. 

On T{A*), we can introducé a Lie bracket |-, -J]^, which is induced by a Jacobi bi-vector field tt: 

K,?7L = -d(7r(^,77))+£,,(^),7-£,,(,)^, ^ ^,r^ eT{A*). (10) 

Proposition 3.2. Let [A^p) be a Jacobi algebroid, tt G r(A^A) is a Jacobi bi-vector field if and only if 
{A* , p O tt') is a Jacobi algebroid, where the Lie algebroid structure on A* is given by {A* , f-, -J^ ,a o tt^). 
In this case, we have d*l = — 7r''(dl). 

Proof. Since we also have the well known formula: 

TT» l^,vh - [^HO:^Hv)] - 1 K^l (11) 

it foUows that [•, - J^ is a Lic bracket if and only if vr is a Jacobi bi- vector field. In this case, it is obvious 
that p O tt" is a representation of the Lie algebroid {A* , |-, -J^ ,aoTT^). For any G r(A), we have 

e(da) = p O ^«(0(1) = di(^«(o) = -e(^"di), 

which implies d*l = — 7r''(dl) and the proof is finished. ■ 

Definition 3.3. Let {A,p) be a Jacobi algebroid, a Jacobi bi-vector field tt and a (1, l)-tensor N : A — A 
are compatible if the following two conditions are satisfied: 

iV O TT* = TT* O AT* and C{tt, N) = O, 

where 

c{tt, n){^, 1^) ^ K, vh, - m*L '?L + K, N*ij\^ - N* u, vh), V e, ^ e r(A*). (12) 

In the case where N is a Nijenhuis operator, i.e. T{N) = O, the triple {{A,p),tt,N) is said to be a 
Jacobi-Nijenhuis algebroid. 
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Remark 3.4. The notion of a Jacobi-Nijenhuis algebroid has already appeared in J^, where the author 
use the condition |7r,7rAr] = O instead oj C{-k,N) = 0. In fact, if C^n, N) = O, we can deduce that 
[tt, ttnI = O, this is given by the next lemma 

Lemma 3.5. Let {A, p) be a Jacobi algebroid, the Jacobi bi-vector field tt is compatible with the (1,1)- 
tensor N , then we have 

K^wl = 0. 

Proof. By (fTTj) . we can obtain 

[tt, ^jvl (C, r,) = ^" K, Vh, + TT» O iV* K, ryl^ - [n^ (O , (N* r^)] - [J{N*0,^Hri)]- 
If TT and N are compatible, we have 

K, Vh, - IN*^, + It N*4^ - N* It vh ■ 
The conclusion foUows from the fact that tt" ryl^ = [7r''(^), Tr^{ri)]. ■ 
The degree O derivation ipf of r(A'A*) is defined by 

k 
i=l 

and we obtain a degree 1 differential operator (An '■ r{A*A*) — > r{A*~^^ A*) by the foUowing formula: 

Definition 3.6. A Jacobi quasi-Nijenhuis algebroid is a quadruple {{A, p),tt, N,(t)), where {A, p) 
is a Jacobi algebroid, tt G r(A^j4) is a Jacobi bi-vector field, N £ T(A* ® A) is compatible with n, and 
<f) G T[A^A*) satisfying (d(f> = O and (d(iN4>) = O, such that 

T{N){X,Y) = TrHixAY(b), yX,YeT{A). (13) 

Theorem 3.7. The quadruple {{A, p) , n , N , (j)) is a Jacobi quasi-Nijenhuis algebroid if and only if {{A* , po 
tt"), dw. 0) is a quasi- Jacobi bialgebroid and <d(j) = O, where the Lie algebroid structure on A* is given by 
(^M-,-L,ao^«). 

We need the foUowing two lemmas to prove the theorem. 

Lemma 3.8. Let (A, p) be a Jacobi algebroid. For a Jacobi bi-vector field tt and a (1, \)-tensor N : A — > 
A, the differential operator An is a derivation of the bracket |-, -J^ if and only if tt and N are compatible. 

Proof. This lemma is a generalization of Proposition 3.2 in '22^, where one only need to prove that it 
holds for functions and 1-forms since it is a derivation with respect to the wedge product, A. Here one can 
prove similarly that djv is a derivation for functions and 1-forms, but since An is no longer a derivation 
with respect to the wedge product, A, we can not say that it holds in general directly. But we will see 
that the obstruction of dAr to be a derivation is controlled by lower degree clements, therefore, we can 
still obtain that djv is a derivation. In fact, since dw = dw -I- dl A w, for any P G r(Aï'A*), we have 

AnP ^ + (iNdl) A P. (14) 

Thus, for any Q G r(A'^^*), we have 

dAr(P A Q) = {(AnP) A g + {-1)PP A (sInQ - («jvdl) APAQ. 
On the other hand, by Proposition l3.21 for any R G r(A''^*), we have 

[p, g A - [p, gL A p + i-iy^p+'^Q a ip, p^ - (*-.«(di)^) a g a p. 
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Therefore, by direct computation, we have 

dN IP, QARh- HnP, QL a i? + i-ir IP, dNiQ A 
= (djv IP, Qh - MjvP, QL + (-1)'' IP^ djvQL ) A R 

+ (_l)P(?+i)Q A (djv IP, iïL - HnP, Rh + (-1)' I^. djviïL ) 

This completes the proof. ■ 

Lemma 3.9. Let {A, p) be a Jacobi algebroid. A Jacobi bi-vector field tt and a {l,l)-tensor N are 
compatible. Then = \(f), is equivalent to \13]) and tt^ o {<d(j))[, = O, where {<A(f))\, : /V" A — > A* is the 
bundie map defined by {<d(j})\,{X,Y, Z) = ixAYAzd^. 

Proof. By similar computations as in [ÏÏT], we can easily obtain d^ — |0, -1^ vanishes on O- and exact 
l-forms if and only if T{N){X,Y) — n"^ {ix/\Y4') and tt" o (dcj))], = 0. But we should be very careful that 
d^ and [(/), -J^ are no longer derivations with respect to the wedge product, A, next we prove that we 
can still get d^ = |0, -1^. By dH]), for any P € T{APA*), Q e r(A«A*), we have 

<d%{P AQ)^ {<d%P) AQ + PA {<d%Q) - (dAT^Ardl) A P A Q. 

On the other hand, we have 

[0, P A Ql = 10, PI A Q + P A [<^, Qi - (i_^,(di)</') A P A Q. 

We only need to show 

By direct computation, for any X,Y G T{A), we have 

ï,,(di)</>(x,r) = 0(x,y)(7r«(di)) = -di(7r«(0(x,y))), 

dNiNAl{X,Y) = NXdl{NY) ~ NYdl{NX) -dl{N[X,Y]N) 

= dl([7VX, NY] - N[X, Y]n) = dl(7r«(0(X, Y))). 

This completes the proof. ■ 

The proof of Theorem 13. 7t By Proposition 13.21 tt is a Jacobi bi- vector field is equivalent to that 
{A*,p O tt') is a Jacobi algebroid. By Lemma 13.81 d^v is a derivation is equivalent to tt and N are 
compatible. If d(iAr0) = O and dcf) = O, we have (dN(t> = iNdcj) ~ diNff' = 0. Conversely, if 0.^4' — 'A4> — O, 
we have diNcf) = 0. By Lemma 13.91 the proof is finished. ■ 

Theorem 3.10. Let ((A, p) , n , N , (/)) be a Jacobi quasi- Nijenhuis algebroid, then we have 

|7rAr,7rjv] (^,77) = -27r*'(vtt(^)A7rtt(,,)0)- 

Proof. By for any ^,77 e T{A*), we have 

The second equality holds is because C{tt, N) — 0. Since tt is a Jacobi bi-vector field, we get the third 
equality. The last equality follows from the definition of a Jacobi quasi-Nijenhuis algebroid. ■ 
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4 Generalized complex structures 

Let {A, p) be a Jacobi algebroid. There is a natural pairing (•, •) on ^ ® A* which is given by 

{x + i,Y + in) = ]^{i{Y) + T^{x)), vx,y er(A),e,?7er(A*). (15) 

and we can introducé a bracket on the section space T{A) © T{A*) which is given by 

\X + i,Y + i^-\ = [X, Y] + ilxv - £yC + d(e(r)). (16) 

Obviously, (A © A*, (•, •) , •] , p) is a Courant- Jacobi algebroid, where p{X + ^) = p{X). In this section 
we study generahzed complex structures on this Courant- Jacobi algebroid and we will sec that they are 
related with Jacobi quasi-Nijenhuis algebroids in the same way as how generalized complex structures on 
a manifold are related with Poisson quasi-Nijenhuis structures. In the foUowing two sections, we will see 
that generalized complex structures on this Courant- Jacobi algebroid unify the usual generalized complex 
structures on an even-dimensional manifold and generalized contact structures on an odd-dimensional 
manifold. 

Definition 4.1. A generalized complex structure on the Courant- Jacobi algebroid {A® A* , (•, •} , [•, •] , p) 
is a bundie map J : A® A* — > A® A* satisfying the algebraic properties 

j^^-id, {ju,jv)^{u,v), y u, V er{A)®r{A*) (17) 

and the integrability condition 

[Ju, Jv\ - \u, - J{ \Ju, + \u, Jv\ ) = O, (18) 
where (•, •) and [•, •] are given by \15\ and (| jó]) respectively. 
By (fTT]). J must be of the form 

where tt e r(A^A), a G r(A^^*), N G T{A* ® A), in which the foUowing conditions are satisfied: 
NoJ^JoN*, + J O ^ ~Id, N* oai, = cn,oN. 

Similar as the proof of Proposition 2.2 in [9J, we have 

Proposition 4.2. For any generalized complex structure J given by I119\) on the Courant- Jacobi algebroid 
{A(B A*, (•, •) , •] ,p), t: is a Jacobi bivector field. Thus there is an induced Jacobi structure on the base 
manifold M . 

Remark 4.3. The author gives his warmest thanks to the referee for pointing out this fact. 

We deform a Courant- Jacobi algebroid using a bundie map J . More precisely, we introducé a new 
inner product (•, ■) j, a new bracket •] j- and a new anchor pj' by 

{u,v)j = {Ju,Jv), 

\u, v]j = [Ju, v] + \u, Jv\ - J \u,v\, 

PJ = P°J- 

Proposition 4.4. Let J : A® A* — > A® A* be a bundie map given by U9\) . then J is a generalized 
complex structure if and only if [A © A* , {■, ■)j , [•, pj) is a Courant- Jacobi algebroid such that J is 
a Courant- Jacobi algebroid morphism from (A © A* , {■, ■)j , ■] j ,pj) to {A(B A* , (•, •) , •] ,p). 
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Proof. If J given by ([TÏÏ)) is a generalized complex structure, first we note that (•, ■) j = (•, •). [•, •] ^ is 
still a Leibniz bracket foUows from p8)) . Also by (fT8|) . for any u,v E T{A © A*), we have 

^^(["«,«1 j) = po [m,ï;] j = p [Ju, J^w] = [po Ju, po Jv] = [pju,pjv], 

which implies pj is sl homomorphism. Next we verity that the conditions (a), (6) in Dcfinition 12.31 are 
satisfied. Since J preserves the inner product (•, •), we have 

{\u,v]j,v) = {J\u,v]j,jv) = {\Ju,Jv],Jv) = {Ju, \Jv,Jv\) = {Ju,j\v,v\j) 

which impUes that Condition (a) in Definition 12.31 is satisfied. Similarly, we have 

PJ (u) {v,v)= p{Ju) {Jv, Jv) = 2{ \Ju, Jv\,Jv) = 2{j\u,v\j , Jv) = 2 {\u,v'\j ,v) , 

which imphes that Condition (6) is satisfied. Thus [A ® A* ,{■,■) j ,\-, j , pj) is a Courant- Jacobi 
algebroid. Furthermore, J \s a. Courant- Jacobi algebroid morphism from Courant- Jacobi algebroid {A © 
A* ,{■,■) j , \-,-'\j,Pj) to {A® A* , {■,■) , •] ,p) is obvious. The convcrse part is straightforward and the 
proof is completed. ■ 

Theorem 4.5. Let J : A(SA* — > AG)A* be a bundie map given by (03). Then {A(SA*, {■, ■)j , [•, ■]j,pj) 
is a Courant- Jacobi algebroid ij and only if {{A, p) , n , N , da) is a Jacobi quasi- Nijenhuis algebroid. 

Proof. One can easily see that for all X,Y E T{A) and £,,ri E r{A*), we have 
[X,Y]j = [X,Y]n + MX,Y,-), 

[X,C]j = [X,7r«(e)]-7r»£xe + £jvxC-£x(iV*e)+iV*£xe, 

[c,x]j ^ -[x,^]j^jd(ax)). 

Therefore, if {A © A* , {■, ■) j , [•, ■\j,pj) is a Courant- Jacobi algebroid, A* is a Dirac structure, and A 
is its isotropic transversal complement. By Theorem 12. 7[ we obtain a quasi- Jacobi bialgebroid. More 
precisely, we have 

Pa^P°N, [•, -J^ = [■, -J^, (5 = dAT, (/> = der, 

and the quasi- Jacobi bialgebroid is given by {{A* , p o tï^),<Am, der), or equivalently {{A, p), tt, N, der) is a 
Jacobi quasi-Nijenhuis algebroid. 

Conversely, assume {{A, p), tt, TV, der) is a Jacobi quasi-Nijenhuis algebroid, then ((A*, poTrl*), dAr, der) is 
a quasi- Jacobi bialgebroid and its doublé is a Courant- Jacobi algebroid, denote by E. It is straightforward 
to see that E is isomorphic to {A © A* , (•, ■) j , [•, ,pj). ■ 

By Proposition 14.41 and Theorem 14. 5[ we have 

Theorem 4.6. Let {A, p) be a Jacobi algebroid. Assume that J : A ® A* — > A ® A* is a bundie 
map given by ITPj) . then J is a generalized complex structure is equivalent to that ((A, p), tt, iV, der) is 
a Jacobi quasi-Nijenhuis algebroid such that J is a Courant- Jacobi algebroid morphism from Courant- 
Jacobi algebroid {A(B A* , {■, ■) j , [•, •] j- , pj) to {A(B A* , (•, •) , [•, •] , p), where the first one corresponds to 
the quasi- Jacobi bialgebroid ((^*, p o tt"), dAr, der). 

5 Generalized complex structures on TM 

In this section, we consider the case where the vector bundie A is the tangent bundie TM of a manifold 
M. Since the tangent Lie algebroid is a special Jacobi algebroid, it follows that generalized complex 
structures on a manifold M is a special case of what we discussed in the last section. Next we first 
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recall the notion of generalized complex structures on a manifold M and then we deform the tangent Lie 
algebroid to be a Jacobi algebroid and study its generahzed complex structures. Consider the generalized 
tangent bundie 

TM := TM © T*M, 
on its section space r{TM), there is a well known Dorfman bracket, explicitly, 

[X + ^,Y + r,] = [X,Y]+LxV-LYC + d{aY)), y X + ^, Y + e TiT). (20) 

Definition 5.1. A generalized complex structure on a manifold AI is a bundie map J : TM — > TM 
satisfying the algebraic properties: 

J^ = -ld and {J{u),J{v))^{u,v) 

and the integrability condition: 

[Jiu), j{v)] - [u, v] - j{[j{u),v] + [u, j{v)]) =0, yu,ve r(r). 



We consider the bracket (|20|) deformed by a 1-cocycle (po in the deRham cohomology. More precisely, 
the new bracket •] is given by 

+ y + 7?1 = [X, Y] + Lxv - Ly^ + di^Y)) + {ixMv - *y(0o A O- (21) 

It is easy to see that {T{TM), •]) is still a Leibniz algebra, but it is not a Courant algebroid since 

\X + tY + v]=d{aY))+^{Y)cj,o. 

In fact, 00 decides a representation p : TM — > TM ® M which is given by 

p{X)^X + MX). (22) 

Now (TM, p) is a Jacobi algebroid. We rewrite (|21l) as 

\X + ^,Y + Tj] = [X, Y] + Zxv - + d(e(r)). (23) 

Therefore, we obtain a Courant- Jacobi algebroid {TM, (•, •) , •] ,p), where (•, •) , •] ,p are given by 
(|T5|) . (1^ and ^ respectively 



Proposition 5.2. With the above notations, consider generalized complex structures of the Courant- 
Jacobi algebroid {TM, {■, •) , •] , p), we have 

(1) . For any N : TM — > TM which is a Nijenhuis operator and satisfies N'^ = —ld, ^ ^ ^ is 

a generalized complex structure. 

(2) . For any uj G fi^(M), ^ ^ ^ is a generalized complex structure if and only if <AijJ = 0. 

(3) . For a (1. l)-tensor N satisfying N"^ = —ld and tt G j£^(M), ^ ^ is a generalized complex 

structure if and only if 

NOTT^ = TT» O TV*, 

K«(C),7r«(ry)] = 7r«K,r?L, 
iV*(K,rylJ = £,.(^)(7V*,;)_£^,(,^)(Ar*^)_d7r(7V*^,,7), 

where \£,,'q\^ is given by filOjl . 
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Corollary 5.3. If we write (2) and (3) in the above proposition in term of (j)o, we have 

(1) . For any nondegenerate conformal symplectic structure {(j)Q,Lü), i.e. lü G il^(M) is nondegenerate 

and satisfies Auj = (j)Q /\ uj , ^ ^ ^ is a generalized complex structure. 

(2) . For a (1, l)-tensor N satisfying N'^ ~ —ld and n G X^(Af) satisfying 

NoJ = JoN*, 

[ Q j is a generalized complex structure, where r/J^r is given by 

Remark 5.4. S?/ (1) in Provosition \5.2l we can see that there are some generalized complex structures 
which are stable when the bracket is deformed by By (2), we see that how a conformal symplectic 

structure on a manifold relates with a generalized complex structure. 

6 Generalized complex structures on S^{M) 

Note that only even-dimensional manifolds can have generalized complex structures. In |19] . the authors 
give the odd-dimensional analogue of the concept of generalized complex structures. Denote [TM © M) © 
{T*M © R) by £^{M), and there is a natural bilinear form (•, •) on £^{M) defined by: 

{{XiJi) + (ai,gi), (^2, ƒ2) + (02,32)) = ^(«2(^1) + ai{X2) + ƒ152 + ƒ251). (24) 

There is also a bracket which is given by 

[(Xi , A ) + (ai , gi ), (X2 , ƒ22 + («2 , 52)1 
= {[Xi,X2],Xif2~X2fi)+S.(Xiji){a2,g2)-i(X2j2)d[ai,gi). (25) 

For more Information about £ and d, see |19j . 

Definition 6.1. A generalized contact structure on a (2n+ l)-dimensional manifold M is a bundie map 
J : £^(A/) — > £^{M) satisfying the algebraic properties: 

J2 = _id and {J{u),J{v))^{u,v) 

and the integrability condition: 

\J{u),J{v)] - \u,v] ^ J{\j{u),v] + \u,J{v)^) ^0, Vu, veT{£\M)). 
Here, (•, •) and [•, •] are given by \24^ and ^25\ respectively. 

We know that TM © M = D{M x E), the covariant differential operator bundie of the trivial line 
bundie M xR. In fact, we also have T*M ©R = J(Af x R), the first jet bundie of the trivial line bundie 
AI X R. In [6], the authors proved that for any vector bundie E, the first jet bundie may be considered 
as an £'-dual bundie of DE, i.e. 

:SE = {u e ïlom{DE, E) I v{^) = $ o v{IAe), V $ G g^E)} C Rom{T)E, E). 
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We can introducé an i?-valued pairing (•, •)^ on T)E © by 

(ö + M,t+z/)s = ^(M(t) + i^(ö)) = ^((t,Ai)B + (ö,i^)B), y^ + n, i+i^eDE(B^E. (26) 
Furthermore, for any D £ T{^E), the Lie derivative : r(3-E) — r(j;£') is defined by: 

On the section space r{DE © we can define a bracket as fohows 

\d + n,t + iy] = [ö,c]2, +£oi'-£,^ + d//(r). (27) 
Therefore, we have £^{M) = D{M x R) © J(M x M), and we can rewrite ^ by ([271) and ^ by 

(c) + ^,t+jy) = i(M(t) + i^(c))), Vö + Ai, t+i^e2)(Af x]R)©a(MxM). (28) 
The fohowing proposition is straightforward. 

Proposition 6.2. The quadruple (f ^(M), (•, •), [•, •] ,Id) is a Courant- Jacobi algebroid, where (•,•) and 
[•, •] are given by V^i8\) and \2'T^ and Id(ö + /i) — X). Therefore, generalized contact structures on an odd 
dimensional manifold is exactly generalized complex structures on this Courant- Jacobi algebroid. 

Example 6.3. We consider generahzed complex structures J of the type ^ ^ ^ , where N : TM® 

]R — > TM © R is a bundie map. Then the requirements are N"^ — —ld and T{N) = O which are similar 

as the condition of a usual generalized complex structure. More simply, if we consider N — (^'^ 0^ ) ' 

where ip G T{T*M © TM), Y e X(M) is a vector field and rj £ n^{M) is a 1-form, then the condition 
N'^ — —ld is equivalent to 

/^^-,©r -^(^))=_id. 

Therefore, 

r]{Y) = 1, ip^ ~ri®Y = -\&, (29) 
^(r) = O, ?7o^ = 0. (30) 

But, we should note that (I5Ü1) follows from (I^ÏÏl) . In fact, if r\{Y) — 1 and 

p?{X) -X + r](X)Y, y X e X{M), (31) 

first we have 'p'^{Y) = 0. In ([5T|) . substitute X by (/^(y), we obtain ip{Y) — ri{(p{Y))Y . Acting by ip, we 
obtain 

O = ip^Y) - p{rj{p{Y))Y) = r^{ip{Y)MY) = v{v{Y)fY, 

which implies ri{<p{Y)) — O, and therefore p{Y) = 0. Thus, {ip,Y,ri) is an almost contact structure. 
Furthermore, by straightforward computations, T{N) = O is equivalent to 

T{^){Xi,X2)+drj{Xi,X2)Y = 0, V Xi, X2 £ X(A/), 

which is equivalent to the condition that {p, Y, 77) is a normal contact structure, where T{(p) is the 
Nijenhuis torsion of (p, see ([T]). 
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Example 6.4. We consider generalized complex structures J of the type ^ q O ) ' ^^^^^ ® ■ "^-^^ ® 

R — > T*M e R and T : T*M ® M — > TM © R are bundie maps. Evidently, = -ld implies that 
T = —0^^. i7* = implies Q is skew-symmetric. At last, from the integrability condition, wc obtain 

that d(G) — 0. Sincc 8 is skew-symmetric, we can assume Q ^ ( ^ ^ ), where uj G f7^(M) is a 



-ri O 

2-form and rj G n,^{M) is a 1-form such that A cj" O to insure that Q is invertible. 

If welet ^ as abasisof r(MxM) inr(rM©R), thenany 5 e r(TM®R) can be write asd = X + f-§j 
for some X e X(M) and ƒ e C°°(Af). Dually, any /i e r(T*M © R) can be write as ^ ^ + gdt. Then 

it is easy to see 6 = ^ O ) ^ A^r(T*A/ © R) is given by cj + df A 77. Since the representation of the 

Jacobi algebroid TM © R is the identity map, we have dl = dt. Thus we have 

de d(a; + dt A r;) = dcj + dt A (w - dr]). 

So de — precisely means that uj — drj — O, i.e. uj — drj. Since we also have i] A uj" ^ O, it foUows that rj 
is a contact structure. 
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